Using the gauge/gravity correspondence, we study the dynamics of a heavy quark in two strongly-coupled systems at finite temperature: Super-Yang-Mills in the presence of a magnetic field and non-commutative Super-Yang-Mills. In the former, our results agree qualitatively with the expected behavior from weakly-coupled theories. In the latter, we propose a Langevin equation that accounts for the effects of non-commutativity and we find new interesting features. The equation resembles the structure of Brownian motion in the presence of a magnetic field and implies that the fluctuations along non-commutative directions are correlated. Moreover, our results show that the viscosity is smaller than the commutative case and that the diffusion properties of the quark are unaffected by non-commutativity. Finally, we compute the random force autocorrelator and verify that the fluctuation-dissipation theorem holds in the presence of non-commutativity.
Introduction
Over the years, the study of thermal properties in quantum field theories has been of great interest. In the last decade, the discovery of the gauge/gravity correspondence [1, 2, 3] has provided tools for the study of a large class of strongly-coupled non-abelian gauge theories. Aside from pure theoretical motivation, one the the main reasons for pursuing such studies is the possible connection with the phenomenology of ultra-relativistic heavy ion collisions and/or strongly correlated condensed matter systems. An excellent account of these efforts can be found in the reviews [4, 5, 6, 7] and the references therein.
The simplest and best-understood example of the correspondence relates four-dimensional N = 4 Super-Yang-Mills (SYM) to type-IIB string theory (or supergravity) in asymptotically AdS 5 × S 5 . In particular, the inclusion of a black hole in the bulk is known to be dual to a strongly-coupled gauge theory at finite temperature. The prescription to compute correlation functions using the gauge/gravity duality was developed a decade ago in [2, 3] and was subsequently generalized to the real-time finite-temperature formalism in [8, 9] . This tool opened the possibility of computing the decay rates and timescales for the approach to thermal equilibrium of certain disturbances [10, 11, 12] , which in the gravity side are mapped to the computation of quasinormal frequencies. Perhaps, the most intriguing result in this front has been the well-known result of 1/4π for the shear viscosity to entropy density ratio at strong coupling [13, 14] which in turn led to the holographic calculation of many other transport coefficients [15, 16] . More recently, it has been possible to gain further insight in the previously uncharted out-of-equilibrium regime by considering geometries that evolve in time [17, 18, 19, 20] .
In addition, other thermal properties have been inferred by considering various types of partonic probes, and analyzing the manner in which the plasma damps their motion. These studies include quarks [21, 22, 23] , mesons [24, 25, 26] , baryons [27, 29] , gluons [27, 30] k-quarks [27] and various types of defects [31] . Although all these probes provide different information regarding the nature of the plasma, in this paper we focus on the dynamics of heavy quarks and their interactions with the thermal bath.
In the context of this duality, a heavy quark on the boundary theory corresponds to the endpoint of an open string that, at finite temperature, stretches between the boundary and the black hole horizon. The seminal works [21, 22] focused on the energy loss of a quark that is either moving with constant velocity as a result of being pulled by an external force, or is unforced but moving nonrelativistically and about to come to rest. Further analyses [32, 33, 34] made it clear that this mechanism of energy loss is closely related with the appearance of a worldsheet horizon (not to be confused with the spacetime horizon).
The study of quark fluctuations due to its interaction with the thermal bath involves going beyond the classical description of the string. As customary, small perturbations about the average embedding are described by free scalar fields propagating on the corresponding induced worldsheet geometry. These fields can be excited due to Hawking radiation emitted by the worldsheet horizon, which in turn populates the various modes of oscillation of the string. It was then found that, once these modes are quantized, the induced motion of the string endpoint is correctly described in terms of Brownian motion and its associated Langevin equation [35, 36] . This result was obtained by two different approaches: the authors of [35] reached this conclusion by assuming (following [37, 38] ) that the state of the quantized fields is the usual Hartle-Hawking vacuum, which describes the black hole in equilibrium with its own thermal radiation. The authors of [36] followed a different but equivalent route, employing the relation between the Kruskal extension of the Schwarzschild-AdS geometry and the Schwinger-Keldysh formalism [39, 9] , together with the known connection between the latter and the generalized Langevin equation. These calculations were later elaborated on in [40, 41, 42, 43, 44, 45] .
In this paper, we generalize the original computation of [35] to the case of non-commutative Super-Yang-Mills (NCSYM). Non-commutative theories are known to lead to many qualitatively new phenomena, both classically and quantum mechanically; in particular, the existence of non-local interactions reminiscent of the UV/IR mixing found in string theory [46] 1 . A simple model of non-commutativity was described by Bigatti and Susskind [49] where they considered a pair of opposite charges moving in a strong magnetic field. In the limit of large magnetic field, the charges are frozen into the lowest Landau levels and the interactions of such particles include the Moyal bracket characteristic of field theories on noncommutative space. Similarly, in the context of string theory, it was shown that the endpoints of open strings constrained to a D-brane in the presence of a constant Neveu-Schwarz B-field 2 satisfy also the non-commutative algebra. A holographic realization of NCSYM was given a short time afterwards in [50, 51] .
One of the main motivations to study Brownian motion in the presence of non-commutativity is the idea that non-local interactions might lead to significant deviations in the behavior of the thermal properties of the theory [53, 54] . In [55] for instance, it was found that the rate of decay of a fluctuation propagating in this thermal bath is remarkably larger than in the case of ordinary SYM, which leads to faster thermalization. Such a property is possibly linked to the connection between the ultraviolet and infrared regimes of the theory, which implies in particular that the transverse size of dipoles grows with their longitudinal momentum [49] . In order to investigate further properties of this non-commutative system, we study in this paper the holographic realization the Brownian motion of a heavy quark. More specifically, our aim is to formulate a Langevin equation that accounts for the effects of non-commutativity and to study diffusion processes within the plasma.
The structure of this paper is as follows: in section 2, we describe the gravity dual to NCSYM presented in [50, 51] and, following [35] , we review the generalities of Brownian motion in the context of the gauge/gravity correspondence. In section 3 we study the case of Brownian motion in ordinary SYM with a magnetic field, which is achieved by the introduction of a gauge field in the open string sector 3 . Apart from being an interesting problem in its own right 4 , this exercise helps us to gain some intuition and to set the grounds of our computations. In section 4 we turn to the study of Brownian motion in NCSYM. We begin by postulating a Langevin equation for the non-commutative plasma similarly to the one describing the quark in the presence of a magnetic field. We show that this equation correctly captures behavior of Brownian particle. This equation is expressed naturally in terms of matrices and given its structure, it automatically implies that fluctuations along different directions are correlated. We then compute holographically the drag coefficient from the response of the Brownian particle to an external force and, finally, we study the diffusion process of the quark within the plasma, which turns out to be unaffected by noncommutativity. In section 5 we make some comments about our results and close with conclusions.
2 Background and String Action 2.1 A gravity dual of NCSYM Quantum field theories on noncommutative spaces have been studied intensively in the last few years. The essential postulate of non-commutativity is the commutation relation
2 By gauge invariance, this is equivalent to a constant magnetic field on the brane. 3 Here, we should emphasize that we do not expect to recover the non-commutative results in the strong B limit. On one hand, there is a critical magnetic field at which Schwinger pair production is energetically favored [56] . On the other hand, for large magnetic fields the backreaction on the geometry is unsuppressed. 4 Indeed, many holographic systems present interesting features when a background magnetic field is turned on. For a recent review on this topic see [57] .
where θ µν is a real and antisymmetric rank-2 tensor. The algebra of functions on a noncommutative space can be viewed as an algebra of ordinary functions with the product deformed to the non-commutative Moyal product, defined by
Non-commutative field theories emerge in string theory, as the worldvolume theory of D-branes with a constant Neveu-Schwarz B-field provided that one takes a special limit to decouple the open and closed string sectors [58, 59, 60] . Basically, one scales the string tension to infinity and the closed string metric to zero while keeping the B-field fixed. For the discussion in the present paper, we will focus specifically on the four-dimensional SU(N) NCSYM at finite temperature, taking the non-commutativity parameter to be non-zero only in the (
In the spirit of the gauge/gravity correspondence, the dynamics of this theory at large N and at strong 't Hooft coupling should be described by a bulk gravitational system. Indeed, a gravity dual for this theory was proposed in [50, 51] which, in the string frame, reads
where R 4 = 4πĝN = λ andĝ is the value of the string coupling in the IR. In the expressions above,
is the usual Schwarzschild factor and
The parameter a which appears in the above expressions is related to the non-commutativity parameter θ of the boundary theory through a = λ
Here, λ is the 't Hooft coupling of the boundary large-N NCSYM theory. The radial direction u is mapped holographically into a energy scale in the gauge theory, in such a way that u → ∞ and u → 0 are respectively the UV and IR limits 5 . The directions x µ ≡ (t, x) are parallel to the boundary and are directly identified with the gauge theory directions. The five-sphere coordinates are associated with the global SU(4) internal symmetry group, but they will play no role in our discussion.
The Hawking temperature of the above solution, which is interpreted as the temperature of the non-commutative boundary theory, is given by T = u h /π. Notice that this temperature is the same as the temperature one obtains for the Schwarzschild-AdS 5 solution, which is dual to a thermal state of four-dimensional SYM. Indeed, it is easy to show that all the thermodynamic quantities obtained from (3) are the same as the ones obtained from the Schwarzschild-AdS 5 solution [51] . In the limit of vanishing temperature (u h → 0), we are left with a geometry that is dual to the vacuum of the NCSYM. The closed string sector describing small or large fluctuations on top of this background captures the nonperturbative gluonic (+ adjoint scalar and fermionic) physics. The black hole geometry (3) is a special case of such a fluctuation, and is dual to a thermal ensemble of the theory.
For u ≪ a −1 , the background (3) goes over to the AdS 5 × S 5 solution. This observation just reflects the fact that the non-commutative boundary theory goes over to the ordinary commutative SYM theory at length scales much greater than λ
On the other hand, for u ≫ a −1 the background (3) shows significant deviation form the AdS 5 × S 5 solution and the bulk spacetime is no longer asymptotically AdS. The boundary theory interpretation of this regime just means that the effect of non-commutativity becomes pronounced for length scales which are at the order of, or smaller than, λ
To summarize, the background (3) represents a flow in the boundary theory from a UV fixed point which is NCSYM at large N and large λ to an IR fixed point given by the ordinary commutative SYM (again, at large N and large λ).
Heavy quarks and holographic Brownian motion
From the gauge theory perspective, the introduction of an open string sector associated with a stack of N f D7-branes in the geometry (3) is equivalent to the addition of N f hypermultiplets in the fundamental representation of the gauge group SU(N), and these are the degrees of freedom that we will refer to as quarks. For N f ≪ N, we can neglect the backreaction of the D7-branes on the geometry; in the gauge theory perspective, this corresponds to working in a "quenched" approximation that ignores quark loops. For simplicity, we will take N f = 1. The probe brane covers the four gauge theory directions x µ , and is spread along the radial direction from u → ∞ to u = u m where it ends smoothly
7 . An isolated quark is dual to an open string that extends radially from the flavor brane at u = u m to the horizon at u = u h 8 . The string couples to both the metric and the B-field so its dynamics follows from the action S = S NG + S B ,
6 Since the reliability of the solution (3) requires R 4 = λ to be large, the effect of non-commutativity in the boundary theory is visible even at large length scales [51] . This should be compared with the weakcoupling regime of the theory where the threshold length scale (beyond which the theory becomes effectively commutative) is roughly at the order of √ θ. 7 At this position the S 3 ⊂ S 5 that it is wrapped on shrinks down to zero size. 8 For a review of quark dynamics in the context of the gauge/gravity correspondence see [52] . 9 The string also couples to the dilaton but this coupling is suppressed by a factor of the string length.
where g ab = G mn ∂ a X m ∂ b X n is the induced metric on the worldsheet Σ. We choose to work in the static gauge, where τ = t, σ = u. One can easily verify that the embedding X m = (t, 0, 0, 0, u) is a trivial solution and this correspond to a quark that is is equilibrium in the thermal bath.
Notice that the string is being described in first-quantized language and, as long as it is sufficiently heavy, we are allowed to treat it semiclassically. In gauge theory language, we are coupling a first-quantized quark to the SYM fields, and then carrying out the full path integral over the strongly-coupled fields, treating the path integral over the quark trajectory in a saddle-point approximation. The mass of the quark m is related to the position of the flavor brane u m and can be obtained by a straightforward computation:
Now, we want to study fluctuations over the above embedding. In particular, we are interested in motion on the Moyal plane, so our ansatz for the perturbations will be X m = (t, 0, X 2 (t, u), X 3 (t, u), u). Using this, the induced metric has the following components:
Up to quadratic order in the perturbations, the action can be written as
Note that we dropped the constant term that does not depend on X i . We can consider also the situation in which one has a forced motion due to a electromagnetic field in the background. This can be easily realized by turning on a world-volume U(1) gauge field on the flavor brane. Since the endpoint of the string is charged, this amounts to add the minimal coupling to the action S = S NG + S B + S EM , where
This will exert the desired force on our heavy quark. However, this coupling is just a boundary term, so it will not play any role for the string dynamics in the bulk, other than modify the boundary condition. We shall ignore this part of the action for now but we will come back to it later on. Because t is an isometry of the background (3), we can set
and use the frequency ω to label the basis of solutions to the equations of motion. Since the action (11) is quadratic in the perturbations, we expect linear differential equations. The solutions are particularly easy to obtain near the horizon limit u ∼ u h , where the action reduces to
Here, the primes denote derivatives with respect to the tortoise coordinate u * , which is defined by
Note also that the last term drops out because it is a total derivative. Thus, the equations of motion are then
which show that in this region X i behave like massless Klein-Gordon scalars in flat space. The two independent solutions are
and
corresponding to outgoing and ingoing waves respectively. Near the horizon one finds that
up to an additive numerical constant, so
Away from the horizon, these solutions will have a complicate dependence, but it still holds that g (out) = g (in) * (see appendix A). Standard quantization of quantum fields in curved spacetime [65] leads to a mode expansion of the form
where the functions u ω (x) correspond to a basis with positive-frequency modes. These modes can be expressed as a linear combination of outgoing and ingoing waves with arbitrary coefficients, i.e.,
The constant B is fixed through the boundary condition at u = u m but one generally obtains that it is a pure phase B = e iθ (see sections 3.3 and 3.3). The outgoing and ingoing modes have, then, the same amplitude and this implies that the black hole, which emit Hawking radiation, can be in thermal equilibrium [68] . The constant A on the other hand, is obtained by requiring the normalization of the modes through the standard Klein-Gordon inner product.
For any functions f i (t, u) and g j (t, u) satisfying the equations of motion, the Klein-Gordon inner product is defined by
where σ is a Cauchy surface in the (t, u) part of the metric,g is the induced metric on σ and n µ is the future-pointing unit normal to σ. It can be shown that this inner product is independent of the choice of σ [65] , but for simplicity we take it as a constant-t surface.
We want to normalize u ω using (23) . However the main contribution to the integral comes from the IR region [42] , which in terms of the tortoise coordinate is just
Of course, there is a contribution to the inner product from regions away from the horizon, but because the near-horizon region is semi-infinite in the tortoise coordinate u * , the normalization of solutions is completely determined by this region. After some algebra, we find that
so that (u ω , u ω ) = 1, ensuring that the canonical commutation relations are satisfied:
In the semiclassical approximation, the string modes are thermally excited by Hawking radiation emitted by the worldsheet horizon. In particular, they satisfy the Bose-Einstein distribution:
Using this and the mode expansion given in (21), we can derive a general formula for the displacement squared of the Brownian particle. First of all, let us identify the position of the heavy quark as the string endpoint at the boundary u = u m , i.e.,
Then, it follows that
(29) This has an IR divergence that comes from the zero point energy, which exists even at zero temperature. To avoid this we simply regularize it by implementing the normal ordering : a ω a † ω : ≡ : a † ω a ω :, and after doing so we get
From this correlator, we can compute the displacement squared of the quark as:
where we have replaced the explicit dependence on A. For future reference we also compute the general form of the momentum correlator,
Brownian Motion in SYM with a Magnetic Field
Non-commutative SYM theory has a dual interpretation in terms ordinary SYM with a large and constant magnetic field. We start by studying the Brownian motion in this second system which, aside from being an interesting problem in its own right, helps us to gain some intuition and to set the physical grounds of our computations. Although we find that there are some similarities between these two configurations, our final results show that there are some features that are qualitatively different.
Langevin dynamics in the presence of a magnetic field
The problem of the Brownian motion of a charged particle in an external magnetic field was first investigated almost fifty years ago in the seminal papers [61, 62] . This is an old topic that has originated a lot of interest and it is of great importance in the description of diffusion and transport of plasmas and heavy ions. Nowadays, together with the free Brownian motion, it is widely used as a classic textbook example of how transport properties and correlation functions should be computed in generic situations governed by the Langevin equation.
The discussion of this section will be around the field theory description of Brownian motion in the presence of a magnetic field. Later on, we will show how to realize this phenomenon at strong-coupling, in terms of a probe string living in a black hole background.
Let us consider the Langevin equation of a charged particle of mass m and unit charge q, in presence of a magnetic field B:
where p(t) = m v(t) is the momentum of the Brownian particle and v(t) =ẋ(t) its velocity. The terms in the right-hand side of (33) correspond to the friction, lorentz force and random force, respectively, and γ o is a constant called the friction coefficient. One can think of the particle as moving under the influence of the magnetic field, losing energy to the medium and at the same time, getting random kicks as modeled by the random force.
As a first approximation, we can assume that the random force is white noise, with the following averages:
and where κ o is a constant which, due to the fluctuation-dissipation theorem, is related to the friction coefficient through
This is due to the fact that the frictional and random forces have the same origin at the microscopic level, i.e., collisions with the particles of the thermal bath. If the magnetic field B = Bx is pointing along the x-direction, we can write (33) in the matrix formṗ
where
Here ω o = B/m denotes the Larmor frequency. Since the magnetic field is oriented along the x-direction, it affects the motion in the y and z directions only. Fluctuations along the x-direction decouple and are unaffected by the presence of the magnetic field. We thus restrict our attention to the fluctuations in the transverse plane. In order to decouple the remaining equations we have to diagonalize the the above matrix. The normal modes are p ± = p 2 ± ip 3 with corresponding eigenvalues λ ± = γ o ∓ iω o . Thus, defining x ± = x 2 ± ix 3 and R ± = R 2 ± iR 3 we geṫ
whose formal solution is given by
Using the above, we can immediately obtain x 2 (t), x 3 (t) by taking the real and imaginary parts of x ± (t). p 2 (t) and p 3 (t) can also be obtained in a similar way. In thermal equilibrium, the two-point correlation functions of p 2 (t) and p 3 (t) are given by
The relevant point here is that, unlike in the case of free Brownian motion, now the components p 2 (t) and p 3 (t) are correlated. But, the autocorrelator p i (t) 2 of each individual component has the same value ∼ κ o /2γ o = mT as in the case of zero magnetic field. This can be easily understood by recognizing that p i (t)
2 is twice the kinetic energy multiplied by the mass of the particle and that this quantity does not change by application of a magnetic field. Thus, the time scale associated to the energy loss due to drag, t relax ∼ 1/γ o , is then independent of the magnetic field.
Another important scale related to the Brownian motion of the quark is the time associated to diffusion. This can be derived by computing the two-point correlation function of x 2 (t) and x 3 (t), from which one can infer the following late-time behavior for the displacement squared:
where D is called the diffusion constant. In the presence of a magnetic field, the fluctuationdissipation theorem leads to
which decreases with increasing magnetic field. Thus, the relevant time scale for correlations ∼ D is smaller in this case and this implies that the diffusion process is more efficient. The Langevin equation, as presented in (33), captures the essential properties of the stochastic processes in Brownian motion, but it fails to give a physically consistent picture for sufficiently short times t, in which the particle suffers only a few or no impacts. It is a general feature of any dynamical system that the dynamical coherence becomes predominant in short time scales, or at high frequencies. Thus, we are led to a natural extension of the Langevin equation in the form [63, 64] 
The main difference between the generalized Langevin equation (46) and the usual one (33) is that the friction depends now on the past history of the particle through γ(t), called the memory kernel, and that the random forces at different times are not independent. Note that we have also included a fluctuating external force E(t) that can be applied to the system (e.g., an external electric field). For a magnetic field pointing in the x-direction B = Bx and focusing on the transverse fluctuations, we geṫ
In frequency domain, the above equation is simply
and taking the statistical average of the same we get
The quantity µ ± (ω) is known as the admittance. Thus, we can then determine the admittance µ ± (ω), and thereby γ[ω], by measuring the response p ± (ω) to an external fluctuating force. In particular, if the external force is taken to be
For late times (or low frequencies) the generalized Langevin equation reduces to its nonlocal progenitor, and the timescales associated to the decay of the two-point function of the momentum as well as the displacement squared are the same as discussed before. In particular, note that
11 Causality imposes that γ(t) = 0 for t < 0 so γ[ω] in this expression denotes the Fourier-Laplace transform,
while p ± (ω), R ± (ω), and E ± (ω) are Fourier transforms, e.g.,
For a quantity O, the power spectrum I O (ω) is defined as
and it is related to the two-point function through the Wiener-Khintchine theorem
For stationary systems (55) is independent of t 0 , so one can set t 0 = 0 in such situations. When the external force is set to zero, from (49) it follows that
and, using (56) one gets that
Therefore, the random force correlator appearing in (47) can be evaluated as
This will be important in the next section, to check the validity of the fluctuation-dissipation theorem.
Bulk dynamics and the drag coefficient
We now turn to the holographic realization of Brownian motion in the presence of a magnetic field. Let us begin by considering the action (11), which in the commutative limit a → 0 reduces to
This action describes the dynamics of a string in Schwarzschild-AdS 5 and it is dual to a quark in ordinary SYM at finite temperature. We then turn on a gauge field in the flavor brane of the form
thus getting the desired magnetic field B = Bx. As explained before, this only appears as a boundary term (12) , so it will not affect the bulk dynamics of the string. The equations of motion coming from the above action are:
We now proceed by expanding X i in modes as in (13), i.e.,
Then the equations of motion (62) can be written as
where we defined dimensionless quantities
and where primes denote now derivatives with respect to y. The wave equation for the modes (64) is independent of the magnetic field and it is exactly the same as the equation considered in [35] for d = 4. We need to find the solutions of the equation (64) . In general, it is not possible to do this analytically for an arbitrary frequencies ν and hence we employ a low frequency approximation ν ≪ 1 by means of the so-called matching technique. Here, we only write down the final result, relegating the details of the computation to appendix A. The two solution that correspond to outgoing and ingoing waves at the horizon behave asymptotically as
We now consider the forced motion of our Brownian particle due to a fixed external magnetic field and a fluctuating electric field. As mentioned in section 2.2, this amounts to the addition of the boundary term (12) to the action (6), which imposes a boundary condition of the form
Here, F i = −(F it + F ijẊ j ) is the usual Lorentz force and
Then, for a magnetic field pointing in the x-direction, B 1 = B, and transverse electric fields E 2 = E 2 (t) and E 3 = E 3 (t) we find a set of boundary conditions that inevitably mix the fluctuations along the transverse directions:
where u m denotes the position of the flavor brane. Our goal is now to compute the thermal expectation value (or one-point function) of the momentum, and then extract the admittance.
The general solution for X i is the sum of ingoing and outgoing modes at the horizon
, where X (out/in) = e −iωt g (out/in) . In the semiclassical approximation, outgoing modes are always thermally excited because of Hawking radiation, while the ingoing modes can be arbitrary. However, because the radiation is random, the phase of A (out) i takes random values and, on average A (out) i = 0. Then, we can write
, where g (in) (u) correspond to the normalized solution given by (66) . For the remaining part of this section we will denote A (in) i = A i and g (in) = g for simplicity. In the Brownian motion literature, it is customary to work in a circular basis when an external magnetic field is included. Thus, we define
In fact, the equations (69) decouple in this basis. After some algebra we get
where A ± = A 2 ± iA 3 . Inverting this relation we obtain
from which we can read the average position of the heavy quark,
This expression allows us to read the admittance,
In the zero frequency limit, and for a heavy quark u m ≪ u h , we obtain
from which we can infer
As expected, the friction coefficient is not modified by the presence of the magnetic field, which is consistent with the fact that the magnetic field does not do work. Also, we find that
This temporal scale dominates the late-time decay of the one-point function of p(t), for a quark that transverses the plasma, in agreement with the previous works [21, 22] . The late-time 12 behavior is dominated by the low frequency limit of the generalized Langevin equation, case in which (46) reduces to its nonlocal progenitor (33) . From (39) we can thus infer that,
This is exactly what is expected for the Brownian motion of a charged particle in the presence of a magnetic field. To obtain the thermal averages of p 2 (t) and p 3 (t) we can simply take the real and imaginary parts of (79).
Diffusion and the fluctuation-dissipation theorem
The purpose of this section is to compute holographically the displacement squared of the heavy quark and to extract from it the diffusion constant D. The upshot of the computation is summarized in equation (31), which is valid for an arbitrary background. However, the functions f
ω (u) as well as the details for the computation of the constant B vary according to each situation.
Before proceeding with the direct calculation of this quantity, it is useful to understand the boundary conditions we want to impose on the fields. Although we are interested in the world-sheet theory of the probe string, in the static gauge the induced metric on the string inherits the geometric characteristics of the spacetime background. This means that the usual rules for correlators in the gauge/gravity correspondence apply in our case.
First, we need to impose an UV cutoff in order to have a quark with finite mass. The natural place to impose the cutoff is given by the location of the flavor brane u m , which can be related to the mass m of the quark through (7) . The mass of the quark is chosen to be dominant scale of the system, so usually one would push the cutoff up to the boundary u m → ∞ and choose normalizable boundary conditions for the modes. However, in our case that would correspond to a infinitely massive quark and there would be no Brownian motion. A Neumann boundary condition at u = u m also does not work in our case because we would go back to the case of free Brownian motion. Instead, we use a mixed boundary condition in which the external magnetic field is on but the fluctuating electric fields are turned off. According to (69) this is,
or in terms of the modes X ± ,
Recall that X ± can be expressed as the sum of outgoing modes and ingoing modes found previously, with arbitrary coefficients. Following the convention introduced in (22) , let us write
From (81) it follows then that
The fact that B ± is a pure phase is self-evident, given that g (out) = g (in) * . To leading order in frequency one finds that
from which one gets
The late-time behavior of the displacement squared can be then inferred from the lowfrequency limit of (31), i.e.,
Thus, as expected, we find that the diffusion constant defined as in (44) is given by
Finally, in order to give an explicit check of the fluctuation dissipation theorem (35) we compute the random force autocorrelation appearing in (59) to extract the coefficient κ o . From (32) we can evaluate the two-point correlator of the momentum p ± as follows:
Therefore,
and combining this with (75) one finds that
This gives us precisely a coefficient κ o = π √ λT 3 which agrees with (35) , providing and explicit check of the fluctuation-dissipation theorem in the presence of a magnetic field.
Brownian Motion in NCSYM
We now turn our attention to the study of Brownian motion in the non-commutative setup. The main difference here is that the closed string sector is modified by the inclusion of an antisymmetric B-field. In this setup, and after the appropriate decoupling limit, the effective field theory is described by a gauge theory living in a noncommutative space. It is interesting to study the similarities and differences with our previous computation when the magnetic field was introduced in the open string sector.
Langevin dynamics in the non-commutative plasma
To start, let us postulate a generalized Langevin equation of a particle in a non-commutative thermal bath:ṗ
In this case, the B-field does not appear explicitly in the Langevin equation, though its effect should be somehow be present through the coefficients Γ and κ. We propose that in this case Γ is a matrix that encodes the effects of the non-commutativity. In particular, for non-commutativity in the (x 2 , x 3 )-plane, we propose to write
In the low frequency limit, the above equation becomes local in time, allowing us to writė
Note that this has exactly the same structure of (36), with γ o being the usual friction coefficient and Ω o playing the role of the Larmor frequency. Furthermore, if the fluctuation-dissipation theorem applies, we expect that the relation (35) is also true for the present configuration. Solutions (39) and (40) hold in the low frequency limit. This means that the two-point correlators (41)- (43), as well as the diffusive behavior of the displacement squared (44) , act in the exact same way, but now with new coefficients γ o , Ω o and κ o which might depend on the noncommutative parameter θ.
The fluctuations along the x 1 -direction are unaffected by the presence of the non-commutativity. We thus restrict our attention to the fluctuations on the Moyal plane. These fluctuations can be decoupled by working in the circular basis p ± = p 2 ± ip 3 , R ± = R 2 ± iR 3 and E ± = E 2 ± iE 3 . The eigenvalues of (93) are found to be λ ± = γ ∓ iΩ so we can rewrite (91) asṗ
In frequency domain this equation can be written as
and taking the statistical average we obtain
Then, by measuring the response p ± (ω) due to an external force we can determine the admittance µ ± (ω) and thereby µ ± [ω]. In particular, if the external force is taken to be
With this at hand, one can take the real and imaginary parts of µ ± to obtain γ and Ω respectively. Note also that in the zero frequency limit
The analysis of the power spectrum and two-point functions is the same as the one done in section 3.1. In particular, the equation (59) relating the random force correlations with the momentum correlations should apply in this case, which will be useful to check the validity of the fluctuation-dissipation theorem for the current setup.
We have introduced a phase difference for reasons that will become clear below. The equations of motion for the modes are
If we choose e iϕ = ±i, or equivalently ϕ = ±π/2, the two equations of motion turn out to be the same. This motivates to consider the linear combinations X ± = X 2 ± iX 3 = e −iωt g ± (u), where
Not surprisingly, this is completely equivalent with the circular basis introduced in section 3 for the case of Brownian motion in a magnetic field. In this basis the equations of motion decouple, and can be rewritten as:
where we have defined dimensionless quantities
and the primes denote derivatives with respect to y. The normal modes X ± correspond to fluctuations with circular polarization, rotating clockwise or counterclockwise, respectively. Explicit solutions to the above equations can be found in appendix A.2. The final expressions for outgoing and ingoing modes are
respectively.
We now exert an external fluctuating force E(t) on the string endpoint by turning on an electric field F ti = E i on the flavor brane. Variation of the whole action implies the standard dynamics for all interior points of the string, but now with boundary condition
where E i is the external force.
From (11) , it follows that
where u m denotes the position of the D7-brane. Our goal is to find the admittance of the system for which we need the one-point function of the momentum. Again, it is convenient to work in the circular basis, i.e. X ± = X 2 ± iX 3 and E ± = E 2 ± iE 3 . The general solution for X ± is the sum of outgoing and ingoing modes
± . However, as discussed before, the phase of A (out) ± takes random values and on average A (out) ± = 0. Then, we can write
± (u) and E ± = e −iωt K ± but, for simplicity, we will denote A (in) ± = A ± and g (in) ± = g ± in the remaining part of this section. In this basis the boundary conditions decouple:
or, in terms of the dimensionless quantities y, ν and b as defined previously,
The average position of the heavy quark, x ± (t) ≡ X ± (t, y m ) is then
from which we can read the admittance,
In the zero frequency limit and for large mass 13 we get,
For a quark that transverses the plasma one can read the following evolution at late times:
The friction coefficient is modified by the presence of the non-commutativity, and in this case
This agrees with a previous computation of the drag force in the Maldacena-Russo background [69, 70] (in the non-relativistic regime) and implies that the non-commutative plasma is less viscous in comparison to the commutative one.
Diffusion and the fluctuation-dissipation theorem
Now we turn to the computation of the displacement squared in the Maldacena-Russo background. First of all, we need to understand the boundary conditions we want to impose on the fields. In this case, the effect of non-commutativity is already present in the background itself, so the free Brownian motion is realized by imposing a Neumann boundary condition at u = u m . According to (114), this means
or simply
where again, we defined X ± = X 2 ± iX 3 . The general solution is then written as a linear combination of outgoing and ingoing modes,
and from the boundary condition (125) we get that
Here, B ± is also a pure phase given that, in this case, it still holds that g
. To leading order in frequency, we obtain
With this at hand, we can also compute
and finally, by taking the low-frequency limit of (31) we compute the late-time behavior of the displacement squared:
Note that the factor that depends on b exactly cancels with the h(u h ) term that appears in the normalization constant A. We find that, surprisingly, the diffusion constant is not affected by non-commutativity, but the relation with respect to γ o and Ω o is still the same
This suggests that the fluctuation-dissipation theorem holds even in the presence of noncommutativity. In order to explicitly check this, we compute the random force correlator in to extract the coefficient κ o . From (32) it follows that
and hence
At leading order, we find through (59) that
This agrees with (35) , thus providing an explicit check of the fluctuation-dissipation theorem for the non-commutative plasma.
Discussion
In this paper we carried out an analytical study of the dynamics of a heavy quark in two strongly-coupled systems at finite temperature: SYM in the presence of a magnetic field and NCSYM. The former was realized by studying the fluctuations of a string living in an AdS black hole background and turning on a gauge field in the open string sector. The latter was achieved by replacing the background for one that incorporates the effects of noncommutativity through the introduction of an antisymmetric B-field in the closed string sector.
For both systems, we found that the Langevin equation that describes the dynamics of such a quark has matrix coefficients and this fact induces correlations along the relevant directions. This is in complete agreement with the classical theory of Brownian motion in a magnetic field [61, 62] . We then displayed the basic properties of these equations by computing holographically the admittance and the random force autocorrelator and we showed that these two quantities are related through the usual fluctuation-dissipation theorem. The existence of such theorem is due to the fact that, at the microscopic level, friction and random forces have the same origin, i.e., interactions with the degrees of freedom of the thermal bath. Finally, we studied the diffusion of the quark in both systems and we showed that, although the non-commutative plasma is less viscous, the late-time behavior of the displacement squared is unaffected by the non-commutativity.
As explained in the introduction, one of the main motivations that led to this work was to establish whether the fast thermalization found in [55] holds for more general situations or not. An important difference between the approach of this paper and that of [55] is that here we studied the non-commutative plasma with a local probe. In the previous work, on the other hand, we considered composite non-local operators that are obtained by smearing the usual gauge covariant operators over open Wilson lines 14 . The fast thermalization and large decay rates of the modes are then possibly related to the non-local character of the probes 15 . It would be interesting to further explore this question by probing the theory with probes of different 'size' and study the associated timescales for the approach to thermal equilibrium. Two interesting possibilities to consider are Wilson loops and entanglement entropy.
It is important to emphasize that all of our computations were performed in the low frequency limit of the theory, in which case the analytical computations were under control. Going beyond the hydrodynamical regime might also offer new insights but it requires a numerical approach. For example, in [74] it was shown that a large class of holographic quantum liquids exhibit novel collective excitations that appear due to the presence of a magnetic field. At high frequency, the dominant peak in the spectral function is associated to sound mode similar to the zero sound mode in the collisionless regime of a Landau Fermi liquid. The study of Brownian motion within this regime is beyond the scope of this paper, but it is also left for future works.
In conclusion, the results obtained in this paper shed additional light on the thermal nature of non-commutative gauge theories and suggest future directions of research. The present study constitutes yet another illustration of the usefulness of the gauge/gravity correspondence.
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A Solutions for the string embedding
In this appendix we well derive explicitly the solutions to the equations of motion considered in sections 3.2 and 4.2. At low frequencies, the solutions can be obtained by means of the matching technique [35, 42] (see also [66] ). To find these solutions, consider three regimes: (A) the near horizon solution (y ∼ 1) for arbitrary ν, (B) the solution for arbitrary y but ν ≪ 1, and (C) the asymptotic solution (y → ∞) for arbitrary ν. The idea is to find the approximate solutions for each of the three regimes, and to match these to leading order in ν.
A.1 Solution for the AdS-Schwarzschild black hole
Here we will solve the equation (64), by considering the three regimes alluded above.
(A) In this regime we can focus on the equation as y → 1:
We have dropped the subindex i because the equations of motion are the same for both i = 2, 3. The general solution in this regime is
where the coefficients A (out) and A (in) correspond to outgoing and and ingoing modes respectively. Normalizing each solution according to (20) and expanding for low frequencies, we obtain
(B) For the regime of low frequencies we proceed to expand the solution as a series of the form
The first function can be obtained analytically by solving the equation
The general solution goes as follows:
where, in order to have a reliable expansion in frequencies, we have to assume that the constants B 1 and B 2 are independent of ν. In order to find the appropriate coefficients B 1
and B 2 to obtain the ingoing and outgoing modes we expand around the horizon and match with the first term in (137). After doing so we obtain B (out/in) 1
= 1 and B
(out/in) 2 = 0, so
The equation for g 1 (y) turns out to be the same as for g 0 (y), but now the matching has to be done with the second term in (137). At the end we get g (out/in) 1
(y) = ± 1 8 ((2 + i)π + 2i log(2)) ∓ i 2 tan −1 (y) + tanh −1 (y) ,
∼ ± i 4 log(y − 1) as y → 1.
Then, up to this order we can write 
Again, comparing this with (144), in the low frequency limit, we obtain (4)), and C (out/in) 2
Thus, the normalized asymptotic solutions for modes corresponding to outgoing and ingoing waves at the horizon, can be written as
This agrees with the solutions reported in [35] . Note in particular that g (out) (y) = g (in) (y) * .
A.2 Solution for the Maldacena-Russo background
Next, we solve (109) following a similar procedure as the one used for the commutative case. 
which is equivalent to (135). As expected, the IR is not affected by the non-commutativity. The general solution in this regime is 
where, in order to have a reliable expansion in frequencies, we have to assume that the constants B ±1 and B ±2 are independent of ν. We then expand near the horizon and match the above solution with the first term in (150) to obtain the outgoing and ingoing modes. We find that B 
Comparing this with (159) and (160) we obtain 
Thus, the normalized asymptotic solutions, in the low frequency limit, and for modes corresponding to outgoing and ingoing waves at the horizon, can be written as ± (y) * as was found for the case analyzed in appendix A.1.
